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(Received 22 December 2004; published 17 August 2005)0031-9007=Although the electron density is fundamental to the study of chemical bonding and density-functional
theory, it cannot be accurately mapped experimentally for the important class of crystals lacking inversion
symmetry, since structure factor phase information is normally inaccessible. We report the combination of
x-ray and electron diffraction experiments for the determination of the electron density in acentric AlN,
using multiple-scattering effects in convergent-beam electron diffraction to obtain sensitivity to structure
factor phases, and describe a new error metric and weighting scheme for multipole refinement using
combined measurements of structure factor magnitudes and phases.
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mental interest for our understanding of chemical bonding,
and it forms the basis of modern density-functional theory.
Yet for crystals lacking inversion symmetry, diffraction
methods are unable to determine this quantity accurately
because critical information on phases of low-order struc-
ture factors (i.e., those most sensitive to bonding) is nor-
mally lost in x-ray diffraction experiments. We describe
here the use of combined x-ray and electron diffraction to
make this possible, by taking advantage of the multiple
scattering of electrons. Since improvements in measure-
ment accuracy have in the past frequently led to the dis-
covery of entirely new phenomena, we report here on a
new method that has the potential for accurate measure-
ment of previously inaccessible information.
The partially covalent nature of the bonding in AlN was
the focus of an earlier charge-density study based on x-ray
diffraction data [1], but the results served largely to illus-
trate the problems associated with detailed analysis of
diffraction data from acentric structures. For materials
such as AlN crystallizing in acentric space groups, electron
density refinement based on structure factor amplitudes is
not unique: the contributions of odd-order multipoles that
are invariant under crystal symmetry are not determined by
structure-factor magnitudes alone. This is manifested in
ambiguous results and multiple least-squares solutions that
have been reported in multipole refinements based on x-ray
diffraction data for BeO (space group P63mc [2]), BN
(F43m [3]), and hexamethylenetetramine (I 43m [4]).
Experiments based on multiple scattering of x rays can
provide phases with an accuracy of about 20 [5] but,
although useful for structural analysis, much higher accu-
racy is needed for the study of bonding in crystals. It has
been shown that convergent-beam electron diffraction
(CBED) patterns possess the required sensitivity to the
extremely small variations in electron density which exist
due to bonding [6]. Strong multiple scattering (coherent05=95(8)=085502(4)$23.00 08550interference among Bragg beams) renders the Bragg beam
intensities sensitive to structure factor phases.
The CBED method consists of automated matching of
elastically filtered CBED patterns to multiple-scattering
simulations, as described in detail elsewhere [7,8]. Refine-
ment parameters include the electron structure factor am-
plitude and phase, the sample thickness, and electron beam
orientation. Each CBED disk in the two-dimensional dif-
fraction pattern represents a rocking curve for a different
reflection. Diffraction calculations were based on the
perfect-crystal many-beam Bloch wave method [8], using
Dirac-Fock neutral atoms to provide starting values [9].
Effects of inelastic scattering (absorption) were included
through the addition of a small imaginary component, and
parameters in these simulations were optimized as de-
scribed in detail elsewhere [7]. Data were measured at
160 C [room temperature for (011) and (012) reflec-
tions] in CBED mode on a Zeiss 912 electron microscope
with an in-column energy filter and Gatan 14-bit MSC
CCD detector, at 120 kV. Fifty CBED patterns were re-
fined, and the measured electron structure factors were
transformed to x-ray structure factors (Table I) using the
Mott formula [8] and anisotropic displacement parameters
(ADPs) from a high-angle refinement of the x-ray diffrac-
tion data. The esd for the converted x-ray structure factors
is normally lower than 0.5%, and at best 0.1% for ampli-
tudes and 0.2 for phases. At lower scattering angles the
precision is greatest, but through the Mott formula it
depends on sin=2 and becomes less than that of cor-
responding x-ray measurements at high angles [e.g., (022)
and (024)]. This naturally limits the number of reflections
for which phase information is accessible in CBED experi-
ments. Table I also reports density-functional theory (DFT)
results obtained with WIEN2K [10], using the generalized
gradient approximation [11] and a muffin tin radius of
1.75 a.u. for Al and N; the k-point convergence was tested
using a total of 10 000 k points in the unit cell with2-1  2005 The American Physical Society
TABLE I. CBED measurements of structure factor magnitudes
and phases for AlN compared with corresponding DFT results.
All data refer to T  160 C (see text).
(hkl) CBED measurements DFT theory
jFj  () jFj  ()
(100) 14.52(2) a 14.55 180.0
(002) 21.38(2) 27:25 21.37 27:3
(011) 10.93(9) 120.1(2.5) 10.91 120.3
(012) 9.11(40) 159(10) 9.08 157.0
(110) 20.75(5) a 20.71 0.0
(200) 9.09(5) a 9.13 180.0
(004) 8.74(6) 7:72:0 8.66 6:8
(022) 6.54(80) 163(10) 6.67 162.4
(024) 3.28(30) 175(20) 3.23 175.0
aPhases fixed by space group symmetry.
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Kmax equal to 7.0. For comparison with CBED results,
static DFT structure factors were transformed to corre-
sponding values at 160 C using high-angle x-ray
ADPs and the procedure described previously [12]. The
overall agreement between the CBED and DFT results is
within 3 for most of the reflections, suggesting that DFT
theory at this level gives an excellent description of the
ground state electron density of AlN crystals.
Roughly spherical crystals of AlN were ground to
200 m to minimize extinction effects, and x-ray dif-
fraction data were measured at 1602 C using the
Bruker SMART APEX system, with graphite-
monochromated MoK radiation [a  3:11071 A, c 
4:98251 A, 314 unique reflections with sin=max 
1:30 A1)]. Because anomalous dispersion is significant
for Al, Friedel pairs were not averaged in generating the x-
ray data set. The x-ray structure factor for reflections of the
type h k  3n (l odd) arises only from nonspherical
electron density (or anharmonic thermal motion) at each
atomic site. Preliminary multipole refinements indicated
these reflections were not only weak, but very poorly
measured [RF  86:3%], and these were removed, re-
sulting in 281 unique x-ray structure factors.
Conventional experimental charge-density studies ex-
press the electron distribution as a sum over atom-centered
pseudoatoms, optimizing multipole coefficients and radial
parameters in a least-squares refinement against structure










wA;jAo;j  Ac;j2  wB;jBo;j  Bc;j2 (1)
was incorporated in VALRAY [14] for multipole refinement
of electron density models for acentric crystals against m
observations of structure factor magnitudes (either x ray or08550combined x ray and CBED) and n CBED measurements of
structure factor magnitudes and phases. Fo  Ao  iBo 
jFoj expio are observed (and similar for calculated
Fc) structure factors, wi, wA;j, and wB;j are reciprocals of
the relevant variances, and  is introduced to explore the
effect of upweighting of CBED data in the combined fit.
The CBED experiment provides jFoj, jFoj, o, and
o (Table I) from which we obtain Ao, Bo, 2Ao,
and 2Bo. In refinements reported below, Ao and Bo from
the CBED structure factors were treated as additional
experimental observations.
Anomalous dispersion parameters for Al and N [15] and
an isotropic extinction parameter (type I, Lorentzian mo-
saic [16]) were incorporated to model the x-ray data, while
neither was necessary for the CBED measurements. The
x-ray data were placed as closely as possible on an absolute
scale (within 1%) using preliminary multipole refine-
ments. The electron density model was relatively simple:
(i) one structural parameter [Al at 2=3; 1=3; 0 and N at
2=3; 1=3; zN]; (ii) two ADPs for each atom: U11  U22 
2U12, U33; (iii) populations of localized monopole scat-
tering factors based on the Hartree-Fock wave functions
of Clementi and Roetti [17], constrained such that
PcoreAl  5PcoreN and PvalenceAl  PvalenceN 
8:0, and radial scaling parameters Al and N varied for
the valence terms; and (iv) coefficients of higher multipole
functions up to lmax  4 for both atoms. Radial functions
were single exponential, rnl expr, with nl  2; 2; 3; 4
and   3:84 a:u:1 for N and nl  4; 4; 4; 4 and  
2:73 a:u:1 for Al, and were not varied. Inclusion of third-
and fourth-order anharmonic thermal parameters was ex-
plored, but none were found to be significant.
This electron density model was refined against four
different combinations of x-ray and CBED data [n, m,
and  refer to Eq. (1)]: (a) Refinement against jFj using
x-ray data alone (m  281,   0); (b) Refinement against
jFj using x-ray data and 9 CBED data (m  290,   0);
(c) Phased refinement, using 281 x-ray data, 3 CBED data
with fixed phases, and 6 phased CBED data (m  284, n 
6,   1). (d) Phased refinement as for (c), but with phase
information upweighted (m  284, n  6,   100).
These refinements address three key effects: (1) incorporat-
ing more accurate and precise measurements of structure
factor magnitudes, especially for those x-ray reflections
strongly affected by extinction; (2) incorporating phase
information for a small number of low-angle reflections;
and (3) substantially upweighting the phase information.
Refinement results are given in Table II. ymax is the
largest correction for extinction, where yjFcj models
jFoj, and qN is the net charge on the N atom, derived
from the monopole populations. Values of ymax suggest
that extinction in the x-ray data is severe, but only the (002)
and (110) reflections have ymax < 0:95, and removing these
two data from the refinement resulted in similar electron
density models to those reported in Table II. Figure 1 dis-2-2
TABLE II. Model parameters and measures of fit obtained in refinements A, B, C, and D against combined x-ray and CBED data
for AlN.
Multipole model A B C D
ymax 0.733 0.794 0.794 0.803
Al U11 A2 0.002 44(3) 0.002 35(2) 0.002 40(2) 0.002 43(2)
U33 A2 0.002 55(3) 0.002 44(3) 0.002 48(3) 0.002 47(3)
Al 1.68(7) 0.76(11) 1.05(4) 1.07(1)
N zN 0.381 83(8) 0.381 77(8) 0.381 81(8) 0.381 82(8)
U11 A2 0.003 11(5) 0.003 03(4) 0.003 10(4) 0.003 19(5)
U33 A2 0.003 29(8) 0.003 14(7) 0.003 19(7) 0.003 15(8)
N 0.954(9) 0.963(9) 0.968(9) 0.990(8)
qN 1:6726 1:6215 1:1615 0:548
RF (%) 1.15 1.17 1.16 1.20
RwF (%) 1.27 1.08 1.19 1.30
RA;Ba (%)       5.92 1.78
RwA; Ba       1.49 0.23
hkFoj  jFckib 0.53 0.11 0.14 0.06
hjo cjib () 2.53 4.22 2.92 0.73
aR factors for the six phased reflections: RA; B  P6j1
Ao;j  Ac;j2  Bo;j  Bc;j2=
P6
j1
A2o;j  B2o;j1=2 and RwA; B 
P6j1




bMeasures of the fit to the CBED structure factor moduli (9 observations) and phases (6 observations); note that model A included no
CBED data.
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density for a set of neutral, nonbonded spherical reference
atoms [17] has been subtracted from the model electron
densities. It is clear that there are several problems with
using x-ray data alone (model A): the deformation density
features in Fig. 1 are much greater than anticipated for a
simple binary solid of this kind (the range away from the
nuclear sites is between 1:29 and 0:90 e A3), and the
estimated charge transfer of 1:6726 e from Al to N is
large and poorly determined. Incorporation of more precise
and accurate structure factor moduli from the CBED ex-
periment (model B) leads to some improvement over A,
especially obvious in Fig. 1 where the large positive de-
formations to left and right of Al are no longer evident, and
in Table II where Al is now close to unity. However, theFIG. 1. Model deformation electron density maps for AlN after refi
are at intervals of 0:1 e A3.
08550charge transfer is largely unchanged, and deformation
features are still unphysically large. Addition of six phased
reflections (model C) yields smaller deformation features
(between 1:22 and 0:71 e A3, although a large dipole
deformation remains on the Al atom), Al is more reason-
able at 1.05(4), and charge transfer is less, 1:1615 e.
Finally, increasing the weighting of the phased data in
the residual (model D) yields a dramatic improvement:
the deformation map displays far fewer features, with
essentially all deformations localized around the N atom,
and confined to the range 0:40 e A3 away from the
nuclei, and charge transfer is now only 0:548 e. The
difference between models C and D (i.e., the effect of
significantly increasing the weighting of the phase infor-
mation) is readily seen in the R factors in Table II, espe- 
nements (a), (b), (c), and (d). The c axis is vertical, and contours
2-3
 FIG. 2. Deformation electron density map for AlN from DFT
theory (mapping plane and contours identical with Fig. 1).
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12 observations (i.e., A and B parts for six reflections) is
dramatically improved in model D compared to model C,
but (as expected) at the expense of the fit to the remaining
structure factor moduli. Based on D in Fig. 1, the main
bonding features in AlN are as follows: (i) charge defi-
ciency for Al atoms and charge surplus near N atoms, in-
dicating electron transfer from Al to N atom; (ii) aniso-
tropic charge concentration in the vicinity of the Al-N
bonds indicating a covalently bonded N atom.
The last two rows in Table II summarize the fit between
CBED structure factor moduli and phases, and the corre-
sponding multipole model estimates. Model A (which in-
cluded no CBED data in the fit) yields very poor estimates
of this information; B provides a dramatic improvement,
especially for structure factor magnitudes, but at the ex-
pense of phases; C, as expected, fits phases very well, and
somewhat better than moduli; and D, with a much higher
weighting given to phase information in the residual, yields
an excellent fit to both structure factor moduli and phases
from the CBED experiment.
Figure 2 presents a DFT deformation electron density
map obtained with WIEN2K for comparison with D in
Fig. 1. We note the greatly improved similarity between
experiment and theory when phases are included, and
expect more accurate future measurements will reduce
the difference between the two distinct Al-N bonds seen
in the experimental map, where clearly both are equivalent
in the DFT map. It is important to emphasize that experi-
mental model D shows (by far) the best agreement with
DFT theory, and this is a direct result of the ability of the
CBED method to measure accurate and precise structure
factor amplitudes and phases, as well as the relatively high
weighting given to these data in the modeling process.
In summary, the combination of results from x-ray dif-
fraction and multiple-scattering electron diffraction experi-
ments appears to open the way for accurate charge-density
measurement and bonding studies in high-symmetry acen-08550tric crystals. In the example studied here, the bonding
effects are extremely small and inaccessible by all previous
experimental techniques. The magnitudes and phases of
the low-order reflections in AlN have been measured with
unprecedented accuracy, and a new multipole refinement
method that incorporates this phase information has been
developed and applied, resulting in more accurate experi-
mental electron densities for AlN, displaying bonding
features in general agreement with DFT theory. This is
our first attempt at combining information from x-ray and
CBED experiments, and we anticipate that better residuals
than Eq. (1) can be found for this purpose. Future work will
explore several possibilities, as well as the use of synchro-
tron radiation to significantly reduce extinction effects and
provide more precise x-ray structure factors.
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